Abstract. It is shown that in the case of a single relaxation in a gas the relaxation time can be found in a simple manner if measurements are made of both the velocity dispersion and the absorption per wavelength. The problem is reduced to one of fitting circles and straight lines to the data. In the case of a multiple relaxation it is shown how the individual relaxation times can be found. The method is applied to some published results in a few gases to show the working of the method in practice.
H E most commonly used method for finding the relaxation time for a thermal relaxation process in a gas is to plot the velocity of sound or the excess T absorption per wavelength over that due to viscosity and heat conduction, against the logarithm of the ratio of frequency to pressure. Both of these graphs should be symmetrical curves. From the peak in the absorption graph or the point of inflection of the velocity graph, the relaxation time can be calculated. Quite often neither of these points can be reached experimentally and the points have to be fixed by extrapolation. As neither of the curves has a simple shape such as a straight line or circle, it becomes necessary to use templates, or some such device to find the wanted point. It is the aim of this paper to show that, by making use of both velocity and absorption measurements, it is possible to reduce the problem to one of fitting circles and straight lines. As a consequence of this method of presenting the data it becomes possible to decide, not only the amount of the relaxing specific heat and the relaxation time, for a single time constant process, but also the nature of the relaxation processes if there is more than one time constant. A further advantage of the method is that not only is use made of all the experimental data, but also it is possible to obtain information on the viscothermal absorption, provided that this can be satisfactorily represented by the Stokes-Kirchhoff equation. The method is related to that used in the analysis of dielectric constant measurements by Cole and Cole (1941).
2. EQUATIONB FOR A SINGLE RELAXATION PROCEBB
The basic equation from which the usual expressions for the velocity dispersion and excess absorption are derived is obtained by writing (Kneser 1931) . I I * (1) where w = 2975 is the relaxation time, Cv the effective specific heat, C, its value at infinite frequency, and Ci is the specific heat contribution of the mode of oscillation that is relaxing.
Making use of the relations Cp -Cv = R, and c p / c V = y and putting CO = Ci + C , we find iw IRC, It now remains to determine the quantities A and B and show how the relaxation time can be found from the circle.
The propagation constant in an absorbing medium can be written as k + ia where k = 2n/h and a is the absorption coefficient per unit length. From this we find the velocity c = w / ( k + ia) 2: w/k -ia/k2 provided that a 4 k . (In a typical gas aIk is about 0.01).
Hence y = (c2 -icv\cZ/n)M/RT, putting w/k = c as a/k2 is small. Comparing this with the equation above we see that where aA is equal to the measured cv\ less the contribution calculated from the Stokes-Kirchhoff relation. This is the procedure normally followed. As these quantities differ from c2 and d c 2 / x by a factor which is normally constant a plot of c2 against c2aA/n should give a semicircle (a is always a positive quantity). The points of intersection of this circle with the axis of c2 give the values of the squares of the low and high frequency velocities.
Determination of the Relaxation Time
Y O = (CO +R)/Co, ~m = ( C m + R ) / C , B2 + A 2 -A (yo + ym) + yoym = 0. . . .
. .(4)
Now y = c2M/RT.
A = caM/RT, and B = -ahc2M/RTn
T h e equations above have been worked out in terms of W T , i.e. w is the independent variable. The relaxation time is usually controlled by some collision process and is therefore inversely proportional to the pressure, so it is usual to use the pressure as the independent variable. Making use of this information we can write wKJP in place of w r where K is the quantity to be determined.
If m is the slope of the line joining any experimentally determined point to the point of intersection of the semicircle and the axis of A (or P ) nearest the origin, it can be shown that A graph of l / m against 1/P should therefore be a straight line through the origin from whose slope the value of K can be found. Some experiments have been done in which the frequency was variable and in this case the corresponding graph is one of llm against frequency.
Application to Published Results
Although many papers exist in which either velocity or absorption measurements can be found, there are very few in which B combined homogeneous set of results is given in a form suitable for the preeent analysis.
In most experiments however this is not the case. The CO2 results (figure 1) are taken from Leonard's paper (1940) ; they have been obtained from the graphs in the paper and in consequence are not very reliable. However they show that the results are in good agreement with the hypothesis that the relaxing specific heat is 0.984R which is the value quoted b y Vigoureux (1 950).
in carbon dioxide. The absorption values are the ones in his table I1 and the velocities were found by plotting the values given in his table I, drawing a smooth curve through the points, and finding from this curve the velocities at the pressures at which the absorption
The methane results (figure 2) are taken from a paper by Kelly (1957). Arc plot for ammonia (units for ordinate and abscissa mL sec-' x 10-9. T h e results in ammonia (figure 3) which are taken from some measurements by Petralia (1953) , are obviously not in agreement with the hypothesis of a single relaxation time, nor are the results in hydrogen (figure 4). These latter however are a mixed set, in that the velocities used are those obtained by Rhodes (1946) and the absorption coefficients were measured in this laboratory by Parbrook and Tempest (1958) .
9: 3. MULTIPLE RELAXATION PROCESSES

Distributioir of Relaxation Times with hdependettt Processer
In the study of losses in dielectrics the equation giving the effective dielectric constant is of exactly the same form as the equation for the specific heat used above. It can be shown that this equation leads to the conclusion that a plot of the real and complex parts of the dielectric constant against each other should be a circle (see for example Smyth 1955, p. SO). When these plots are made it is quite often found that the points do not lie 011 the expected circle but on one with its centre below the real axis. The determination of the relaxation time in this case is more difficult than in the previous one. If, as before, we let m be the slope of the line joining any experimental point to the point of intersection of the circle and the axis of A nearest the origin, the following equation can be found :
.
..... (7)
In order to find the constant K it is therefore necessary to plot a graph of log (l/m-tan+) against log (lip).
From the intercept of this line on the axis of log (1 /m -tan 4) the value K can be found. T h e intercept is given by
As the value of 4 and hence @ can be found from the graph of A against B as shown above, and as C,/C,, is usually known, all the quantities in the equation for I are known except K which can therefore be found. In the case of NH, quoted above this log graph is not a good line which suggests that a more detailed experimental investigation is needed to find the actual relaxation mechanism acting. The method of analysing results in this way, however, may have applications in some other cases of multiple relaxation. A distribution of relaxation times similar to that used in dielectric experiments has been found to give reasonably good agreement in the case of the propagation of compressional waves in liquid glycerol (Piccirelli and Litovitz 1957) .
Independent Relaxation Processes
If a significant contribution to the specific heat is made by excited states other than the lowest, it is reasonable to suppose that there may be more than one time constant for the relaxation process. Experimental evidence that this is the case is provided in several cascs. 'I'here are now two ways in which the molecules may be de-excited. Either they may go from each excited state directly to the ground state, or they may go from the highest excited state to the next lower and so to A. C. J . Johnson the ground state. to equation (1) 
+ZWTS
where C , and C, are the contributions to the specific heat of the states 1 and 2 which relax with times -rl and 7 2 . In the second case the equation for the specific heat is not readily modified (Beyer 1957) . It is obvious from equation (8) that the quantities A and B for the two modes cannot simply be added to find the total A and B values. However this case can be dealt with by calculating the real and complex parts of the specific heat from the experimental results. If A and B have the same meanings as before, then the real and complex parts of the specific heat are given by (A -l ) R / { ( A -1 ) 2 + P } and B R / ( ( A -1)2 + B2) respectively.
In the special case of a single relaxation time, plotting these functions against each other will again give a semicircle. In general however this is not the case and the shape of the graph enables some further deductions to be made. If the processes are such that equation (8) i:1 obeyed, then whatever the relative relaxation times, the resultant curve should lie inside a semicircle with a diameter equal to the total specific heat that is affected by the relaxation process. If the experimental points are found to lie outside this semicircle then the possibilities are that interacting modes of decay exist, or that the observed propagation constants are due to some other mechanism.
The results in hydrogen (figure 4) are of interest in that they lie, over part of their range, outside the semicircle, which suggests that coupled modes of decay may exist. However as the results are a mixed set a further analysis awaits a complete homogeneous set of results. It may be of interest to note that if the fact that the curve lies outside the semicircle is disregarded as being an error (it is more difficult to make accurate measurements in this region) it turns out that the ratio of the relaxation times for the two modes making the largest contribution to the specific heat is about 10, the mode making the larger contribution having the shorter relaxation time. This may be compared with the results obtained in SOz by Lambert and Salter (1957) for a vibrational relaxation where the mode making the larger contribution also has the shorter relaxation time. where (ah)a is written to indicate that this part is due to relaxation. NOW the Stokes-Kirchhoff absorption equation can be rearranged to give the relation PCOB=wKAC,-wK(C, + A). 
